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1. INTRODUCTION
Throughout this article, we always assume that X is a real Banach
U  .space, X is the duality space of X, and ?, ? is the pairing between X
and X U. For 1 - p - `, the mapping J : X ª 2 X U defined byp
U 5 5 5 5 5 5 5 5 py1J x s f g X : x , f s f ? x , f s x .  . 4p
 . py1is called the duality mapping with gauge function w t s t . In particu-
 .lar, for p s 2, the duality mapping J with gauge function w t s t is2
called the normalized duality mapping.
The following proposition gives some basic properties of duality map-
pings:
PROPOSITION 1.1. Let X be a real Banach space. For 1 - p - `, the
duality mapping J : X ª 2 X U has the following basic properties:p
 .  .  .  .1 J x / B for all x g X and D J : the domain of J s X,p p p
 .  . 5 5 py2  .  .2 J x s x ? J x for all x g X x / 0 ,p 2
 .  . py1  . w .3 J a x s a ? J x for all a g 0, ` ,p p
 .  .  .4 J yx s yJ x ,p p
 .  .5 J is bounded, i.e., for any bounded subset A ; X, J A is ap p
bounded subset in X U ,
 .6 J can be equi¨ alently defined as the subdifferential of the functionalp
 . y1 5 5 p  w x.c x s p ? x Asplund 1 , i.e.,
J x s ­c x s f g X U : c y y c x G f , y y x for all y g X , 4 .  .  .  .  .p
 .  U7 X is a uniformly smooth Banach space equi¨ alently, X is a
.uniformly con¨ex Banach space if and only if J is single-¨ alued andp
 w x.uniformly continuous on any bounded subset of X Xu and Roach 21 .
DEFINITION 1.1. Let X be a real normed space and let K be a
nonempty subset of X. Let T : K ª 2 X be a multivalued mapping.
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 .1 T is said to be accreti¨ e if for any x, y g K, u g Tx, and ¨ g Ty,
 .there exists j g J x y y such that2 2
u y ¨ , j G 0, .2
 .or, equivalently, there exists j g J x y y , 1 - p - `, such thatp p
u y ¨ , j G 0. .p
 .2 T is said to be strongly accreti¨ e if for any x, y g K, u g Tx, and
 .¨ g Ty, there exists j g J x y y such that2 2
5 5 2u y ¨ , j G k ? x y y , .2
 .or, equivalently, there exists j g J x y y , 1 - p - `, such thatp p
5 5 pu y ¨ , j G k ? x y y , .p
for some constant k ) 0. Without loss of generality, we can assume that
 .k g 0, 1 and such a number k is called the strong accreti¨ e constant of T.
 .  . 3 T is said to be strongly pseudo-contracti¨ e if I y T where I
.  .denotes the identity mapping is a strongly accretive mapping.
The concept of a single-valued accretive mapping was introduced inde-
w x w xpendently by Browder 2 and Kato 13 in 1967. An early fundamental
result in the theory of accretive mappings which is due to Browder states
that the following initial value problem,
du t .
q Tu t s 0, u 0 s u , 1.1 .  .  .0dt
is solvable if T is locally Lipschitzian and accretive on X.
DEFINITION 1.2. Let X be a real Banach space, let K be a nonempty
convex subset of X and let T : K ª 2 K be a multivalued mapping. Given
 4x g K, the sequence x defined by0 n
x g 1 y a x q a Ty , .nq1 n n n n 1.2 . y g 1 y b x q b Tx , .n n n n n
for all n s 0, 1, 2, . . . is called the Ishikawa iteration sequence of T , where
 4  4 w xa and b are two real sequences in 0, 1 satisfying some conditions.n n
 4Especially, if b s 0 for all n s 0, 1, 2, . . . , then x is called the Mannn n
iteration sequence.
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The convergence problems of Ishikawa and Mann iteration sequences
 w xwere studied extensively by many authors Chidume 4]6 , Tan and Xu
w x w x w x w x w x w x18 , Reich 16 , Ishikawa 11, 12 , Mann 14 , Deng 8]10 , Morales 15 ,
w x w x w x.Rhoades 17 , Xu 20 , and Zhou and Jia 22 .
In this article, by using the new inequality and new approximation
methods, we study the convergence problem of the Ishikawa and Mann
iteration sequences for strongly accretive mappings and strongly pseudo-
contractive mappings, respectively. The main results in this article improve
w x w xand extend the corresponding results in Chidume 4]6 , Deng 8]10 , Tan
w x w xand Xu 18 and Zhou and Jia 22 .
2. LEMMAS AND INEQUALITIES
LEMMA 2.1. Let X be a real Banach space and let J : X ª 2 X U, 1 - p -p
`, be a duality mapping. Then, for any gi¨ en x, y g X, we ha¨e
5 5 p 5 5 px q y F x q p ? y , j , 2.1 . .p
 .for all j g J x q y .p p
 .  .  . Proof. From Proposition 1.1 6 , it follows that J x s ­c x : subdif-p
.  . y1 5 5 pferential of c , where c x s p ? x . Also it follows from the defini-
tion of subdifferential of c that
c x y c x q y G x y x q y , j , .  .  . .p
 .  . y1 5 5 pfor all j g J x q y . Substituting c x by p ? x , we havep p
5 5 p 5 5 px q y F x q p ? y , j , .p
 .for all j g J x q y . This completes the proof.p p
 . w xRemark 1. 1 In 16 , Reich proved the following result: If X is a
uniformly smooth Banach space, then there exists a continuous and a
w . w .  .  .nondecreasing function b: 0, ` ª 0, ` such that b 0 s 0 and b ct F
 .cb t for all c G 1 and the following inequality holds
5 5 2 5 5 2 5 5 5 5 5 5 4x q y F x q 2 y , J x q max x , 1 ? y ? b y , 2.2 .  . . .2
for all x, y g X. Because X is a uniformly smooth Banach space, it follows
 .from Proposition 1.1 7 that J , 1 - p - `, is a single-valued mapping.p
 .Taking p s 2, from 2.1 it follows that
5 5 2 5 5 2x q y F x q 2 ? y , J x q y , 2.3 .  . .2
 .  .  .for all x, y g X. Comparing 2.3 with 2.2 , we know that 2.1 is more
 .succinct and more convenient than Reich's inequality 2.2 .
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 .  . w x w x2 The inequality 2.3 was proved by Zhou and Jia 22 and Chang 3
by using other methods, respectively.
w x  4  4LEMMA 2.2 19 . Let g be a nonnegati¨ e real sequence and let l be an n
w x `real sequence in 0, 1 such that  l s `.ns0 n
 .1 For any gi¨ en e ) 0, if there exists a positi¨ e integer n such that0
g F 1 y l g q e ? l , 2.4 .  .nq1 n n n
for all n G n , then we ha¨e 0 F lim sup g F e .0 nª` n
 .2 If there exists a positi¨ e integer n such that1
g F 1 y l g q l ? s , 2.5 .  .nq1 n n n n
for all n G n , where s G 0 for all n s 0, 1, 2, . . . and s ª 0 as n ª `,1 n n
then we ha¨e lim g s 0.nª` n
 .  .Proof. 1 By induction, from condition 2.4 , we can prove that
n qiy10
g F exp y l ? g q e ,n qi j n0 0 /jsn0
for i s 1, 2, . . . . Because ` l s `, letting i ª ` and taking superiorns0 n
limits, we have
0 F lim sup g s lim sup g F e .i n qi0iª` iª`
 .2 Because s ª 0 as n ª `, for any given e ) 0, there exists an
positive integer n G n such that s - e for all n G n . Therefore, from2 1 n 2
 .2.5 , it follows that
g F 1 y l ? g q e ? l , .nq1 n n n
 .for all n G n . By the conclusion 1 , we know that 0 F lim sup g F e2 nª` n
and so, in view of the arbitrariness of e ) 0, we have lim g s 0. Thisnª` n
completes the proof.
3. CONVERGENCE OF ISHIKAWA ITERATION SEQUENCES
FOR STRONGLY PSEUDO-CONTRACTIVE MAPPINGS
LEMMA 3.1. Let X be a Banach space and let T : X ª 2 X be a multi¨ al-
ued strongly pseudo-contracti¨ e mapping. Then, for any gi¨ en x, y g X,
Ä  .u g Tx, and ¨ g Ty, there exists j g J x y y , 1 - p - `, such thatp p
Ä p5 5u y ¨ , j F 1 y k ? x y y , . /p
 .where k g 0, 1 is the strongly accreti¨ e constant of I y T.
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THEOREM 3.2. Let X be a uniformly smooth real Banach space, let K be a
 .nonempty closed con¨ex subset of X it need not be bounded and let T :
K ª K be a single-¨ alued Lipschitzian strongly pseudo-contracti¨ e mapping.
 .Let L G 1 be the Lipschitz constant of T and let k g 0, 1 be the strongly
 4  4accreti¨ e constant of I y T. Let a , b be two real sequences satisfying then n
following conditions:
 .i 0 F a F 1 for all n s 0, 1, 2, . . . ,n
 .  . 2 .y1ii 0 F b F k 1 y k L q L for all n s 0, 1, 2, . . . ,n
 . `iii  a s ` and a ª 0 as n ª `.ns0 n n
 .  .If F T / B : the set of all fixed points of T in K , then, for any gi¨ en
 4x g K, the Ishikawa iteration sequence x defined by0 n
x s 1 y a x q a Ty , .nq1 n n n n 3.1 . y s 1 y b x q b Tx , .n n n n n
for all n s 0, 1, 2, . . . con¨erges strongly to the unique fixed point of T in K.
 .Proof. Take q g F T and hence q s Tq. If there exists a positive
integer n such that x s q, then we have0 n0
5 5y y q s 1 q b x y q q b Tx y q . .  .n n n n n0 0 0 0 0
5 5 5 5s b Tx y q F b ? L ? x y qn n n n0 0 0 0
s 0, 3.2 .
i.e., x s q. By induction, we can prove that x s q for all i G 1.n q1 n qi0 0
This implies that x ª q as n ª `. Consequently, without loss of general-n
5 5ity, we can assume that x / q for all n G 0, i.e., x y q ) 0 for alln n
 .n s 0, 1, 2, . . . . Because X is uniformly smooth, by Proposition 1.1 7 , J is2
single-valued and uniformly continuous on any bounded subset of X. It
 .follows from 3.1 and Lemma 2.1 that
225 5x y q s 1 y a x y q q a Ty y q .  .  .nq1 n n n n
2 25 5F 1 y a x y q q 2a ? Ty y q , J x y q .  . .n n n n 2 nq1
2 25 5s 1 y a x y q q 2a Ty y q , J x y q .  . .n n n n 2 n
5 5 2q 2a ? b ? x y q , 3.3 .n n n
where
Ty y q x y q x y qn nq1 n
b s , J y J .n 2 2 /  / /5 5 5 5 5 5x y q x y q x y qn n n
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 .  .I First we consider the second term on the right side of 3.3 .
 .From Lemma 3.1 and the condition ii , it follows that
5 5 2Tx y q , J x y q F 1 y k ? x y q , 3.4 .  .  . .n 2 n n
and
5 5 5 5 5 5Ty y Tx F L ? y y x s L ? b ? Tx y xn n n n n n n
5 5 5 5F L ? b ? Tx y q q x y q .n n n
5 5F L ? b ? 1 q L ? x y q .n n
5 5F k ? 1 y k ? x y q . 3.5 .  .n
 .  .Thus, in view of 3.4 and 3.5 , we have
Ty y q , J x y q . .n 2 n
s Ty y Tx , J x y q q Tx y q , J x y q .  . .  .n n 2 n n 2 n
5 5 2 5 5 2F k ? 1 y k ? x y q q 1 y k ? x y q .  .n n
2 5 5 2s 1 y k x y q . 3.6 .  .n
 .  .II Next we consider the third term on the right side of 3.3 . We
prove that b ª 0 as n ª `. In fact, we haven
5 5y y q s 1 y b x y q q b Tx y q .  .  .n n n n n
5 5 5 5F 1 y b x y q q b ? L ? x y q .n n n n
5 5F L ? x y q , 3.7 .n
 .and so, from 3.7 , it follows that
5 5 5 5Ty y q y y qn n 2F L ? F L . 3.8 .
5 5 5 5x y q x y qn n
 .By the assumption a ª 0 as n ª `, from 3.8 we haven
5 5 5 5x y q x y q x y x a ? Ty y xnq1 n nq1 n n n ny s s
5 5 5 5 5 5 5 5x y q x y q x y q x y qn n n n
an
5 5 5 5F ? Ty y q q x y q .n n5 5x y qn
F a L2 q 1 ª 0, 3.9 .  .n
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which implies that, as n ª `,
x y q x y qnq1 n
J y J ª 0.2 2 /  /5 5 5 5x y q x y qn n
 .  . 5 54Besides, from 3.8 it follows that Ty y q r x y q is a boundedn n nG 0
sequence in X. Therefore we have, as n ª `,
b ª 0. 3.10 .n
 .  .Substituting 3.6 into 3.3 , we have
22 225 5 5 5x y q F 1 y a q 2a 1 y k q 2a ? b ? x y q .  .nq1 n n n n n
22 2 5 5s 1 y k a q a a y k q 2b ? x y q . .n n n n n
Because a ª 0 and b ª 0 as n ª `, there exists a positive integer nn n 1
such that a y k 2 q 2b F 0 for all n G n . Therefore, we haven n 1
5 5 2 2 5 5 2x y q F 1 y k a ? x y q , 3.11 . .nq1 n n
5 5 2 2for all n G n . Letting x y q s g , l s k a , and s s 0, it follows1 n n n n n
 .from Lemma 2.2 2 that x ª q as n ª `.n
 .III Finally, we prove that q is the unique fixed point of T in K. If
q is also a fixed point of T in K, by Lemma 3.1, we have1
5 5 2 5 5 2q y q s q y q , J q y q F 1 y k ? q y q . .  . .1 1 2 1 1
 .Because k g 0, 1 , we have q s q . This completes the proof.1
Remark 2. Theorem 3.2 improves and extends the results of Chidume
w x w x w x5, Theorem 2 , Chidume 6, Theorem 4 , Deng and Ding 10, Theorem 1 ,
w x w x wDeng 8, Theorem 2 , Deng 9, Theorem 4 , and Tan and Xu 18, Theorem
x4.2 .
THEOREM 3.3. Let X be a real uniformly smooth Banach space, let K be a
bounded closed con¨ex subset of X and let T : K ª K be a strongly pseudo-
 4  4contracti¨ e mapping. Let a , b be two real sequences satisfying then n
following conditions:
 .i 0 F a , b F 1 for all n s 0, 1, 2, . . . ,n n
 . `ii  a s `, a ª 0, and b ª 0 as n ª `.ns0 n n n
 .If F T / B, then, for any gi¨ en x g K, the Ishikawa iteration sequence0
 4x defined byn
x s 1 y a x q a Ty , .nq1 n n n n 3.12 . y s 1 y b x q b Tx , .n n n n n
for all n s 0, 1, 2 . . . con¨erges strongly to the unique fixed point of T in K.
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 .  .Proof. Take q g F T and so q s Tq. By 3.12 and Lemma 2.1, we
have, for 1 - p - `,
pp5 5x y q s 1 y a x y q q a Ty y q .  .  .nq1 n n n n
p p5 5F 1 y a x y q q pa ? Ty y q , J x y q .  . .n n n n p nq1
p p5 5s 1 y a ? x y q q p ? a ? Ty y q , J y y q .  . .n n n n p n
q p ? a ? c , 3.13 .n n
where
c s Ty y q , J x y q y J y y q . 3.14 .  .  . .n n p nq1 p n
 .I First, from Lemma 3.1, it follows that
5 5 pTy y q , J y y q F 1 y k ? y y q . 3.15 .  .  . .n p n n
 .II Next we prove that c ª 0 as n ª `.n
In fact, because K is a bounded set in X and x , Tx , Ty , q g K, thenn n n
 4  4  4  4Ty y q , Tx , Ty , and x all are bounded sequences in X. It followsn n n n
 .  .from the conditions i and ii that, as n ª `,
x y q y y y q s b y a x q a Ty y b Tx ª 0. .  .nq1 n n n n n n n n
In view of the uniform continuity of J on any bounded subset of X, wep
have
J x y q y J y y q ª 0, .  .p nq1 p n
and so c ª 0 as n ª `.n
 . 5 5 pIII Now we estimate y y q .n
 .From 3.12 and Lemma 2.1,
pp5 5y y q s 1 y b x y q q b Tx y q .  .  .n n n n n
p p5 5F 1 y b ? x y q q p ? b ? Tx y q , J y y q .  . .n n n n p n
p p5 5F 1 y b ? x y q q p ? b ? M , 3.16 .  .n n n
 5 5 5 5 py1. 5 5 p4where M s max sup Tx y q y y q , sup x y q - `.nG 0 n n nG 0 n
 .  .  .  .Substituting 3.16 into 3.15 and 3.15 into 3.13 , we have
p pp5 5x y q F 1 y a q pa 1 y k 1 y b .  .  .nq1 n n n
5 5 p? x y q q a ? e , 3.17 .n n n
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w  . xwhere e s p ? c q p 1 y k b ? M . Because we haven n n
p p p
0 F 1 y a q pa 1 y k 1 y b F 1 y a q pa 1 y k .  .  .  .  .n n n n n
p p y 1 p p y 1 p y 2 .  .  .
2 3s 1 y pa q a y an n n2! 3!
pq ??? q ya q pa 1 y k .  .n n
F 1 y ka q a h ,n n n
<w  .x w  . .x 2where h s p p y 1 r2!? a y p p y 1 p y 2 r3!? a q ???n n n
 . py1 <  .q ya , 3.17 can be written as follows,n
5 5 p 5 5 p 5 5 px y q F 1 y ka x y q q a h x y q q a e .nq1 n n n n n n n
5 5 pF 1 y ka x y q q a h M q e . .  .n n n n n
5 5 p  .Taking r s x y q , l s ka , and s s h M q e rk, we haven n n n n n n
r F 1 y l r q l s , .nq1 n n n n
for n s 0, 1, 2, . . . . From Lemma 2.2 it follows that x ª q as n ª `.n
The uniqueness of the fixed point q can be proved as in Theorem 3.2.
This completes the proof.
 . w xRemark 3. 1 Theorem 3.3 generalized Chidume 5, Theorem 2 in
several aspects and contains it as a special case.
 . w2 Theorem 3.3 improves and extends the results of Chidume 6,
x w x wTheorem 4 , Tan and Xu 18, Theorem 4.2 and Zhou and Jia 22, Theorem
x2.1 .
THEOREM 3.4. Let X be a real Banach space, let K be a nonempty
bounded closed con¨ex subset of X and let T : K ª K be a uniformly
 4  4continuous strongly pseudo-contracti¨ e mapping. Let a , b be two realn n
sequences satisfying the following conditions:
 .i 0 F a , b - 1, and a ª 0, b ª 0 as n ª `,n n n n
 . `ii  a s `.ns0 n
 .If F T / B, then, for any gi¨ en x g K, the Ishikawa iteration sequence0
 4x defined byn
x s 1 y a x q a Ty , .nq1 n n n n 3.18 . y s 1 y b x q b Tx , .n n n n n
for all n s 0, 1, 2, . . . con¨erges strongly to the unique fixed point of T in K.
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 .  .Proof. Take q g F T and so q s Tq. From 3.18 and Lemma 2.1, it
follows that
22 25 5 5 5x y q F 1 y a x y q q 2a ? Ty y q , j .  .nq1 n n n n 2
2 25 5s 1 y a x y q q 2a Ty y Tx , j .  .n n n n nq1 2
q 2a Tx y q , j , 3.19 .  .n nq1 2
 .for all j g J x y q .2 2 nq1
 .  .I First we consider the third term on the right side of 3.19 .
 . From Lemma 3.1, it follows that there exists j x y q g J x y2 nq1 2 nq1
.q such that
5 5 2Tx y q , j x y q F 1 y k ? x y q . 3.20 .  .  . .nq1 2 nq1 nq1
 .  .Substituting 3.20 into 3.19 , we have
22 25 5 5 5x y q F 1 y a x y q q 2a Ty y Tx , j x y q .  . .nq1 n n n n ny1 2 nq1
5 5 2q 2a 1 y k ? x y q , 3.21 .  .n nq1
for all n s 0, 1, 2, . . . .
 .   ..II Letting d s Ty y Tx , j x y q , we prove that d ªn n nq1 2 nq1 n
 4  4  40 as n ª `. In fact, because x , Tx , Ty all are bounded sequences inn n n
K,
y y x s a y b x q b Tx y a Ty ª 0, .n nq1 n n n n n n n
as n ª `. By virtue of the uniform continuity of T , we have, as n ª `,
5 5Ty y Tx ª 0. 3.22 .n nq1
 4  .Again because x y q is a bounded sequence in X, by Proposition 1.1 5n
 4. U  we know that J x y q is a bounded subset in X . Because j x y2 n 2 nq1
.4  4.   .4 Uq ; J x y q , j x y q is also a bounded sequence in X . From2 n 2 nq1
 .3.22 , it follows that d ª 0 as n ª `. Because a ª 0 as n ª `, theren n
 .exists a positive integer n such that, for all n G n , 1 y 2a ? 1 y k ) 0.3 3 n
 .Therefore, for n G n , 3.21 can be written as follows,3
21 y a 2a d .n n n2 25 5 5 5x y q F x y q q . 3.23 .nq1 n1 y 2a 1 y k 1 y 2a 1 y k .  .n n
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 .Take g , g g 0, ` such that1 2
1
0 - g - min 1, 2k , ,1  52 1 y k .
y1
g s 2k y g 1 y 2 1 y k g . .  . .2 1 1
Because a ª 0 as n ª `, there exists a positive integer n G n suchn 4 3
that a - g for all n G n . It is easy to prove thatn 2 4
21 y a .n F 1 y g ? a , 3.24 .  .1 n1 y 2a 1 y k .n
 .for all n G n . Therefore, 3.23 can be written as the following form: For4
all n G n ,4
5 5 2 5 5 2x y q F 1 y g a x y q q g a ? s , 3.25 .  .nq1 1 n n 1 n n
w   ..x  .where s s 2 d r g 1 y 2a 1 y k . Thus by Lemma 2.2 2 , we haven n 1 n
x ª q as n ª `.n
The uniqueness of the fixed point q can be proved as in Theorem 3.2.
This completes the proof.
Remark 4. Theorem 3.4 also improves and extends the results of
w x w x w xChidume 4 , Chidume 5, Theorem 2 , Chidume 6, Theorem 4 , Tan and
w x w xXu 18, Theorem 4.2 , and Deng and Ding 10, Theorem 1 .
4. CONVERGENCE OF MANN ITERATION SEQUENCES
FOR STRONGLY PSEUDO-CONTRACTIVE MAPPINGS
THEOREM 4.1. Let X be a real uniformly smooth Banach space, let K be a
nonempty bounded closed con¨ex subset of X and let T : K ª K be a strongly
 4 w xpseudo-contracti¨ e mapping. Let a be a real sequence in 0, 1 satisfyingn
`  . a s ` and a ª 0 as n ª `. If F T / B, then, for any gi¨ enns0 n n
 4x g K, the Mann iteration sequence x defined by0 n
x s 1 y a x q a Tx , .nq1 n n n n
for n s 0, 1, 2, . . . con¨erges strongly to the unique fixed point of T in K.
Proof. Taking b s 0 for all n s 0, 1, 2, . . . in Theorem 3.3, then then
conclusion of Theorem 4.1 can be obtained from Theorem 3.3 immedi-
ately.
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 .Remark 5. 1 Because L , 1 - p - `, is a special uniformly smoothp
Banach space, Theorem 4.1 improves and extends the results of Chidume
w x4, Theorem 2 .
 .2 Theorem 4.1 also improves and extends the results of Chidume
w x w x w5, Theorem 1 , Chidume 6, Theorem 3 , and Tan and Xu 18, Theorem
x3.2 .
THEOREM 4.2. Let X be a real Banach space, let K be a nonempty
bounded closed con¨ex subset of X, let T : K ª K be a uniformly continuous
 4strongly pseudo-contracti¨ e mapping. Let a be a real sequence satisfying then
following conditions:
 .i 0 F a - 1 for all n s 0, 1, 2, . . . and a ª 0 as n ª `,n n
 . `ii  a s `.ns0 n
 .  4If F T / B, then, for any gi¨ en x g K, the Mann iteration sequence x0 n
defined by
x s 1 y a x q a Tx , .nq1 n n n n
for all n s 0, 1, 2, . . . con¨erges strongly to the unique fixed point of T in K.
Proof. Taking b s 0 for all n s 0, 1, 2, . . . in Theorem 3.4, the con-n
clusion of Theorem 4.2 can be obtained immediately.
5. CONVERGENCE OF ISHIKAWA ITERATION
SEQUENCES FOR STRONGLY ACCRETIVE MAPPINGS
LEMMA 5.1. Let X be a real Banach space and let T : X ª 2 X be a
multi¨ alued strongly accreti¨ e mapping with a strongly accreti¨ e constant
 . Xk g 0, 1 . For any gi¨ en f g X, define a mapping S: X ª 2 by
Sx s f y Tx q x ,
for all x g X. Then for any gi¨ en x, y g X, u g Sx, and ¨ g Sy, there exists
Ä  .j g J x y y , 1 - p - `, such thatp p
Ä p5 5u y ¨ , j F 1 y k x y y . . /p
 .Because T is strongly accretive if and only if I y T is strongly
pseudo-contractive, the following theorem is obtained from Theorem 3.2.
THEOREM 5.2. Let X be a real uniformly smooth Banach space and let T :
 .X ª X be a Lipschitzian strongly accreti¨ e mapping. Let k g 0, 1 and
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L ) 1 be the strongly accreti¨ e constant and Lipschitz constant of T , respec-
ti¨ ely. For any gi¨ en f g X, define a mapping S: X ª X by
Sx s f y Tx q x ,
 4  4for all x g X. Let a , b be two real sequences satisfying the followingn n
conditions:
 .i 0 F a F 1 for all n s 0, 1, 2, . . . ,n
 . w  . .xy1ii 0 F b F k ? 2 1 q L 2 q L for all n s 0, 1, 2 . . . ,n
 . `iii  a s ` and a ª 0 as n ª `.ns0 n n
 .  .If S T / B : the set of solutions of the equation f s Tx in X , then, for
 4any gi¨ en x g X, the Ishikawa iteration sequence x defined by0 n
x s 1 y a x q a Sy , .nq1 n n n n 5.1 . y q 1 y b x q b Sx , .n n n n n
for n s 0, 1, 2, . . . con¨erges strongly to the unique solution of the equation
f s Tx in X.
 .Proof. Taking q g S T , we have f s Tq and so q s Sq. If there exists
a positive integer n such that x s q, then, by the same way as stated in0 n0
Theorem 3.2, we can prove that x s q for all n s 1, 2, . . . and son qn0
x ª q as n ª `. Therefore, without loss of generality, we can assumen
5 5that x / q for all n s 0, 1, 2, . . . and so x y q ) 0 for all n sn n
0, 1, 2, . . . . Because X is uniformly smooth, it follows from Proposition
 .1.1 7 that J is single-valued and uniformly continuous on any bounded2
 .subset of X. From 5.1 and Lemma 2.1, it follows that
22 25 5 5 5x y q F 1 y a x y q q 2a Sy y q , J x y q .  . .nq1 n n n n 2 nq1
2 25 5s 1 y a x y q q 2a Sy y q , J x y q .  . .n n n n 2 n
5 5 2q 2a ? g ? x y q , 5.2 .n n n
where
Sy y q x y q x y qn nq1 n
g s , J y J .n 2 2 /  / /5 5 5 5 5 5x y q x y q x y qn n n
 .  .I First we consider the second term on the right side of 5.2 . We
have
Sy y q , J x y q s Sy y Sx , J x y q .  . .  .n 2 n n n 2 n
q Sx y q , J x y q . 5.3 .  . .n 2 n
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By Lemma 5.1, we have
5 5 2Sx y q , J x y q F 1 y k ? x y q , 5.4 .  .  . .n 2 n n
5 5 5 5Sy y Sx F 1 q L ? y y x . 5.5 .  .n n n n
 .Hence we have, by the condition ii ,
5 5 5 5Sy y Sx , J x y q F 1 q L y y x ? x y q .  . .n n 2 n n n n
5 5 5 5s 1 q L ? b ? Sx y x ? x y q . n n n n
5 5 5 5 5 5F 1 q L ? b Sx y q q x y q ? x y q 4 . n n n n
5 5 2F 1 q L b 2 q L ? x y q .  .n n
1 25 5F ? k ? x y q . 5.6 .n2
 .  .  .Substituting 5.4 and 5.6 into 5.3 , we have
1 25 5Sy y q , J x y q F 1 y k ? x y q . 5.7 .  . .  .n 2 n n2
 .II Next we prove that g ª 0, n ª `. In fact, by the same way asn
 .  .in the proof of 3.7 ] 3.9 , we can prove that
5 5 5 5y y q F 1 q L x y q , 5.8 .  .n n
5 5 5 5Sy y q 1 q L y y q .n n 2F F 1 q L , 5.9 .  .
5 5 5 5x y q x y qn n
x y q x y qnq1 n 2y F a 1 q L q 1 ª 0, n ª ` . 5.10 .  .  .n5 5 5 5x y q x y qn n
 .  .By the uniform continuity of J , from 5.9 and 5.10 , it follows that2
 .  .g ª 0 as n ª `. Substituting 5.7 into 5.2 , we obtainn
k22 25 5 5 5x y q F 1 y a q 2a 1 y q 2a ? g ? x y q .nq1 n n n n n /2
k k 25 5s 1 y a q a a y q 2 g ? x y q . 5.11 .n n n n n /2 2
Because a ª 0 and g ª 0 as n ª `, there exists a positive integer nn n 6
 .such that, for all n G n , a q 2 g y kr2 - 0. Therefore, from 5.11 , we6 n n
have, for all n G n ,6
k2 25 5 5 5x y q F 1 y a ? x y q .nq1 n n /2
 .It follows from Lemma 2.2 2 that x ª q as n ª `.n
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In addition, it is easy to prove that q is the unique solution of the
equation f s Tx in X. This completes the proof.
Remark 6. Theorem 5.2 improves and extends the results of Deng and
w x w x w xDing 10, Theorem 2 , Chidume 4 , Chidume 6, Theorem 2 , Tan and Xu
w x w x18, Theorem 4.1 , and Deng 8, Theorem 1 .
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